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Affine Distance-transitive Graphs with Sporadic Stabilizer
J. VAN BON, A.A. IVANOV AND J. SAXL
This paper is a contribution to the programme to classify finite distance-transitive graphs and their
automorphism groups. We classify pairs .0;G/ where 0 is a graph and G is an automorphism group
of 0 acting distance-transitively and primitively on the vertex set of 0, subject to the condition that
there is a normal elementary abelian subgroup V in G which acts regularly on the vertex set of 0 and
the stabilizer G0 of a vertex (which is a complement to V in G) has a unique non-abelian composition
factor isomorphic to one of the 26 sporadic simple groups. There are exactly 10 examples of 0, all
known for a long time.
c© 1999 Academic Press
1. INTRODUCTION
An automorphism group G of a graph 0 acts distance-transitively on the graph if whenever
a, b, c, e are vertices with d.a; b/ D d.c; e/ there exists g 2 G with ag D c, bg D e. In
this case 0 is called a distance-transitive graph. If the automorphism group is imprimitive on
the vertex set, there is a well-known procedure [17] for reducing it to a smaller graph with
a primitive group. This leads us to concentrate our attention on distance-transitive graphs
with an automorphism group primitive on the set of vertices. Then by [14] this leads to a
dichotomy in our investigation: the automorphism groups we have to consider are either affine
or almost simple. The methods of investigation are quite different in the two cases. Here
we concentrate on the affine case. One can identify the set of vertices with a vector space
V D Vm.p/ (of dimension m over GF.p/, p is a prime) in such a way that the stabilizer G0 of
0 in the automorphism group G acts on V as an irreducible subgroup of GLm.p/. van Bon [1]
reduces the investigation where G0 is almost simple modulo scalars (we write L for the simple
group involved). The case where L is alternating was considered by Liebeck and Praeger [12].
Here we deal with the case where L is one of the 26 sporadic simple groups. The main result
is the following theorem.
THEOREM 1. Let G be an affine distance-transitive automorphism group of a primitive
distance-transitive graph 0. Let V D Vm.p/ be the regular normal subgroup in G identified
with the vertex set of0. Suppose that G0, the stabilizer of the vertex 0, is almost simple modulo
scalars and let the non-abelian simple group L involved in G0 be one of the 26 sporadic simple
groups. Then there are exactly 10 possibilities for the isomorphism type of 0 and these are
given in Table 1.
Let us discuss our strategy. Since G is distance transitive on V , it is quite easy to show that
jV j − 1  5  jG0j (see Corollary 2.3). This imposes a strict restriction on the dimension of
the module V ; we call the modules satisfying these bounds modules of small dimension. We
use the information in the modular atlas [8] and the computer system GAP [16], together with
the lower bounds for dimensions of modular representations of the sporadic groups in [13,
Appendix] and the information on low-dimensional representations in Kondratiev’s [9] paper.
In the first version of the paper, we had to strengthen the available information somewhat in
quite a few cases. However, the progress in [8] and [16] turned out to be rather faster than
the progress with this paper, and only a very few cases (notably Co1, in characteristic 2) still
require our attention—see Section 4. In Section 5 the modules which satisfy the bound are
investigated for distance transitivity. However, we have found no new examples.
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TABLE 1.
L pm Orbits of G0 on V Comments
M11 35 1, 22, 220 Truncated ternary Golay code
M11 35 1, 110, 132 Dual of the above
M12 36 1, 24, 264, 440 Ternary Golay code
M22 210 1, 22, 231, 770 Dual truncated binary Golay code
M23 211 1, 23, 253, 1 771 Dual binary Golay code
M24 211 1, 276, 1 771 Todd module
M24 211 1, 759, 1 288 Golay code module
J2 212 1, 1 575, 2 520 J2 < G2.4/ < Sp6.4/
J2 56 1, 7 560, 8 064 J2 < Sp6.5/
Suz 312 1, 65 520, 465 920 Suz < Sp12.3/
2. PRELIMINARIES
We follow the standard notation for intersection parameters of distance-regular and distance-
transitive graphs, see for example [3].
LEMMA 2.1. Let 0 be a distance-regular graph containing a quadrangle, then there are at
most three subdegrees ki of equal length.
PROOF. Suppose that there is a quadrangle and at least four of the ki are equal. By Proposi-
tion 5.5.1 of [3] we have that there exists an index j with k j D k jC1 D k jC2 D k jC3. Hence,
b j D c jC1, b jC1 D c jC2 and b jC2 D c jC3. From Proposition 4.1.6 of [3] it follows that in
fact b j D c jC1 D b jC1 D c jC2 D b jC2 D c jC3. As 0 contains a quadrangle it follows from
Terwilliger [18] that c jC2 − b jC2  c jC1 − b jC1 C C 2, a contradiction. 2
LEMMA 2.2. Let i; j be such that ki−1 6D ki D kiC1 D    D kiC j 6D kiC jC1, where ki is
maximal. Write
ki
ki−1
D  and kiC j
kiC jC1
D ; where  D 2 i f i C j D d:
Then
jV j − 1 


 − 1 C

 − 1 C j − 1

 ki :
PROOF. We have b1
c2
 b2
c3
     bi−1
ci
     biC j
ciC jC1     
bd−1
cd
. Let kiki−1 D  and
kiC j
kiC jC1 D , where  D 2 if i C j D d. Then by maximality of ki both  > 1 and  > 1. For
r < i we have ki D bi−1:::brci :::crC1 kr , hence kr  . 1 /i−r ki . Similarly we have kr  . 1 /r−i− j ki if
r > i C j . Now k C    C ki  .. 1 /i−1 C    C 1 C 1/ki  −1 ki and kiC j C    C kd 
.1C 1

C  C. 1

/d−i− j /ki  −1 ki . Adding up we obtain jV j−1  . −1C −1C j−1/ ki
as desired. 2
COROLLARY 2.3. Let V VG0 be an affine distance-transitive automorphism group of a graph
0. Then jV j − 1  5  jG0j.
PROOF. Let i; j;  and  be as in Lemma 2.2. In the case where the diameter is two the
inequality clearly holds. Recall that, by [2], we may assume that 0 contains a quadrangle, so
j  2. As each kr divides jG0j we can find some integer n such that ki D 1n jG0j. Whence
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ki−1  1nC1 jG0j and thus   nC1n , so −1  nC1. If i C j < d then kiC jC1  1nC1 jG0j and

−1  nC1, too. Thus by Lemma 2.2 we have jV j−1  .nC1CnC1C2−1/ 1n jG0j  5jG0j.
In the case i C j D d it readily follows that the same inequality holds. 2
DEFINITION. We will say a G0-module is of small dimension if the inequality of Corol-
lary 2.3 holds.
Next we formulate a result from [2] which will be very useful in dealing with some of the
small-dimensional modules.
LEMMA 2.4. Let G be a primitive affine distance-transitive automorphism group of 0. Let
V be the normal subgroup in G identified with the vertex set of 0. Suppose that V carries
a GF.q/-structure preserved by G0. Assume further that the group of scalars GF.q/ is
contained in G0, and that G0 preserves a non-degenerate quadratic form on V up to scalar
multiplication and field automorphisms. Then either d  2 or 0 is a Hamming graph, a half
cube, a folded cube or a folded half cube.
Notice that the above lemma also includes the case of invariant unitary form since it can be
considered as an orthogonal form over the prime field.
The following lemma is also rather useful.
LEMMA 2.5. Let t be a non-central involution in G0. Then t stabilizes a non-zero vector
whose distance from 0 in 0 is at most two.
PROOF. Notice that0 can be considered as the Cayley graph of V with respect to01.0/, i.e.,
u; v 2 V are adjacent if and only if u− v 2 01.0/. Moreover, it is shown in [1] that v 2 01.0/
if and only if −v 2 01.0/. Without loss of generality we can assume that t acts fixed point
freely on 01.0/. Suppose first that vt D −v for every v 2 01.0/. Since 0 is connected, the
vectors in 01.0/ span V . Hence, t acts on V multiplying every vector by −1 which implies
that t is in the centre of G0. Thus we can assume that vt 6D −v for some v 2 01.0/. In this
casew VD vt Cv is a non-zero vector at a distance two from zero andw is stabilized by t since
the latter is an involution. 2
It is well known that the sequence k0; k1; : : : ; kd of valencies in a distance-regular graph
is logarithmically convex in the sense that k2i  ki−1  kiC1 for 1  i  d − 1. Sometimes
this condition enables one to show that a given permutation action is not distance transitive
analysing only the subdegrees. The following result of this type was established in [6].
LEMMA 2.6. If in the sequence n0  n1      nr the inequality
n2i < ni−2  niC1
holds for some 2  i  r − 1, then it is impossible to reorder the sequence so as to obtain a
lexicographically convex sequence.
The final result of the section is standard in the theory of affine distance-transitive graphs.
LEMMA 2.7. The GF.p/-dimension m of V is less than or equal to the diameter d of 0
which is the number of G0-orbits on the non-zero vectors in V .
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3. SOME CHARACTER THEORY
The above bound on the size of the vector space in terms of the order of the stabilizer of a
vertex shows that we need to determine the small-dimensional modules for G0. To this end
we recall some of the modular representation theory. Let G be a finite group and K a finite
field.
THEOREM 3.1 (R. BRAUER). Let T and U be K -representations of G with Brauer char-
acters  and , respectively. Then T and U have the same composition factors if and only if
 D .
PROOF. See Curtis and Reiner [5, Theorem 82.7]. 2
The following result is also well known.
THEOREM 3.2. Let g 2 G be an element of order p 6D char K and n be an integer.
Suppose that .g/  .1/ mod pn, for all irreducible complex characters  of G. Then
.g/  .1/ mod pn for all irreducible Brauer characters of G; in particular, if all elements
in hai n f1g are conjugate in G then, for a faithful representation with Brauer character , we
have .1/  .p − 1/pn−1.
PROOF. The first part follows from Theorem 4.4 of [15]. Let  be a pth root of unity, so
that  C  2 C    C  p−1 D −1. Then .1/ D a C .p − 1/b and .g/ D a − b, for some
a; b, where b is the number of times that  occurs in g. Now .1/− .g/ D pb  0 mod pn ,
whence b  0 mod pn−1. If b D 0 then g is in the kernel of this representation, contradicting
faithfulness. Hence b 6D 0 and .1/  .p − 1/pn−1 follows. 2
Finally we remark that it is well known that an absolutely irreducible linear group is re-
alizable over the field generated over the prime field by the values of the character on its
p0-elements. Moreover, in [6, Appendix 1] there is a list of common irrationalities together
with the extensions they require in small characteristics.
4. SMALL DIMENSIONAL MODULES
Throughout this section V is an n-dimensional GF.q/-module (here qn D pm) of a group
G0 and modulo scalars G0 is a sporadic simple group L , possibly extended by outer automor-
phisms. Let QL be a perfect pre-image of L in SL.V /. Hence G0 contains a normal subgroup H
which is a subgroup in QLGF.q/ and G0=H is a subgroup in Aut LAut GF.q/. Moreover,
we assume that the action of QL on V is absolutely irreducible and cannot be realized over a
proper subfield of GF.q/.
LEMMA 4.1. If L is one of the following groups: J1, J4, He, O 0N, Fi22, Fi23, Fi 024, H N,
Ly, T h, B, M, then V is not a small-dimensional module for G0.
PROOF. From the bound in Corollary 2.3
qn − 1
q − 1  5  jAut Lj:
For the groups J4, Fi23, Fi 024, H N , B and M the lemma follows easily from the lower bounds
for dimensions for these groups in [13, Appendix 1]. For J1, the same follow from [8]. If
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L D He, the argument in [13, Appendix 1] shows that n  48 if p 6D 7, and n  24 if p D 7,
so the assertion follows. Similarly, if L D O 0N , then n  48 if p 6D 7, and n  31 if p D 7.
Next let L D Fi22. Here [11] shows that n  77 if p is odd, so we can assume that p D 2,
then n  27. If G0 contains the central 3-element, then the representation cannot be realized
over the field of two elements, and we obtain a contradiction to Corollary 2.3. If QL D L , we
observe in [4, p. 156] that .1/ − .3b/  0 mod 81 for all ordinary irreducible characters
 , so that n  54 by Theorem 3.2, again contrary to Corollary 2.3. For the group L D T h
note that .1/ − .3b/  0 mod 243 for all ordinary irreducible characters  ; hence, by
Theorem 3.2, the dimension is at least 162 if p 6D 3; if p D 3 and we restrict ourselves to the
group U3.8/ and by [10] we obtain n  56; either way, the claim follows by Corollary 3.2. 2
THEOREM 4.2. If V is a small-dimensional module then it corresponds to a row in
Table 2.
PROOF. The character tables of the Mathieu groups as well as the groups J2, J3, HS and McL
are in [8]; the assertion follows immediately from these and Corollary 2.3 for these groups.
Next consider L D Ru. Here n  28 by [13, Appendix 1], whence p D 2 by Corollary 2.3,
and n  51. By [16], n D 28 and we have an embedding into the orthogonal group OC28.2/. If
L D Suz, by Corollary 2.3, either p D 2 and n  42, or n  27. Using [16] in the former and
[9] in the latter case, we have n D 12. The same argument applied to Co3 gives n D 22, and
p  3. Similarly, for Co2 we use Corollary 2.3 to get p  3, and then use [16]. It remains to
deal with the case L D Co1. If p is odd, then n  41 by Corollary 2.3; then n D 24 by [7],
lemma 6.4, and [9]. Hence we may assume that p D 2. The assertion here comes from the
following lemma. 2
LEMMA 4.3. Let V be a module for Co1 of dimension n defined over the field K of char-
acteristic 2. Assume that m < 65 .where jK jn D 2m /. Then n D m D 24 and V is the Leech
lattice modulo 2.
PROOF. Let H be a maximal subgroup 36 V 2  M12 of L D Co1, let P D O3.H/. Then
V D U  W , with W D TV; PU and U D CV .P/. Write NV for the usual 24-dimensional
module for L over GF.2/ (the Leech lattice modulo 2). Considering the orbits of 2  M12
on the set of characters of P and using Clifford’s theorem, we see that W has dimension 24
or 48, and H acts on W as on NV or NV j NV , respectively. Next we claim that U D CV .H/:
using GAP we check that there is a 3b-element in H n P conjugate to an element of P; since
the action of H on W is determined by that on NV , we see that all 3b-elements of H fix U
pointwise; however, clearly H is generated by these elements, and the claim follows. Now
consider an element z of type 3a in P . Then CV .z/ D U , as z is fixed-point free on W . Now
z lies in a conjugate H g other than H . It follows that CV .H g/ D U D CV .H/. Since L is
generated by H and H g , it follows that V D W . If n D 24 then there is a unique module by
[9] and it is defined over GF.2/. So assume now that n D 48 and K D GF.2/, and aim for a
contradiction. It is shown in [9] that any conjugacy class of elements of odd order in G, except
for precisely one class of elements of order 35, meets one of the maximal subgroups Co2, Co3
and 3 Suz V 2. The irreducible 2-modular characters of these groups are now known and are in
[16]; the only non-trivial irreducible characters to have degree  48 over GF.2/ have degree
22, 22 and 24, in the respective cases (in fact one could prove this without reference to the
character tables). It is now an easy exercise to extend Kondratiev’s [9] proof to check that the
Brauer character  of G on V equals 2 NV , except possibly on the class of elements of order
35. To deal with this remaining class, we follow [9] again: consider the maximal subgroup M
of G with M D .M1  M2/:2, and M1 D A5, M2 D J2; each Mi contains elements from the
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fixed-point free class 3a; we deduce that  restricts to M1 as 12 times 21 C 22, and to M2 as
four times 61 C 62. Since both the characters 6i of M2 take the same value−1 on elements of
order 7, we now see that whatever the restriction of  to M is, the value of the 35-element is
two. Thus,  D 2 NV , which by Lemma 3.1 is contrary to  being irreducible. 2
LEMMA 4.4. Let V be a small-dimensional module for G0 as in Table 2. The number
of orbits of G0 on the non-zero vectors of V is greater than the GF.p/-dimension m of V
whenever the triple .L ;m; p/ is one of the following:
(i) .M11; 10; 3/;
(ii) .J2; 6; 19/;
(iii) .J2; 14; 3/;
(iv) .Suz; 12; 13/.
PROOF. In case (i) the number of orbits was calculated explicitly† by D.V. Pasechnik. There
are 42 orbits in the section of the permutation module and 18 in each of the other 10-dimensional
GF.3/-modules.
In general if l is the number of orbits of G0 on the set of non-zero vectors of V then by
Burnside’s lemma
l C 1 D 1jG0j
X
g2G0
jCV .g/j D
X
gi2T
jCV .gi /j
jCG0.gi /j
;
where the second sum is over a transversal of the conjugacy classes of G0. Hence, in some
circumstances one can show that l > m by analysing a few elements gi from the transversal.
This is what happens in the cases (ii)–(iv).
In case (ii) we consider the identity element and an element of order 2 whose centralizer in V
is four-dimensional. In case (iii) we consider an involution with a 10-dimensional centralizer
in V . In case (iv) we consider the identity element, an element of type 3b with six-dimensional
centralizer, an element of type 5b with four-dimensional centralizer and an element of type
11a with two-dimensional centralizer. 2
By Lemma 2.7 the modules listed in the above lemma do not lead to distance-transitive
actions.
In the fourth column of Table 2 when writing ‘orthogonal’ or ‘unitary’ we mean that L
preserves on V orthogonal or unitary form over GF.q/, respectively. If the module V is an
irreducible component of a GF.q/-permutational module of L (indicated by ‘perm.’ in the
fifth column) then there is clearly an invariant orthogonal form. The six- and nine-dimensional
GF.4/-modules with L D M22 and L D J3 come from the embeddings M22  U6.2/ and
J3  U9.2/ (cf. [4]) hence there are invariant unitary forms. It is mentioned in [4] that the
28-dimensional module for Ru is orthogonal. In the remaining cases the modules are sections
of the Leech lattice taken modulo various primes and restricted to various subgroups of the
automorphism group of the Leech lattice. The corresponding forms are induced by the inner
product in the Leech lattice. In the fifth column when writing 35 D 1C22C220, for example,
we mean that L has three orbits on vectors in V with lengths 1, 22 and 220.
5. THE GRAPHS
It is well known (cf. [3, 11]) that the modules in Table 1 correspond to distance-transitive
actions.
†We are grateful to D.V. Pasechnik for this computation.
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By Lemma 2.4 if there is an invariant orthogonal or unitary form on V (as indicated in
column 4 of Table 2), then the action is not distance transitive. By Lemma 2.7 the four cases in
Lemma 4.4 do not correspond to distance-transitive actions. By direct calculations in the Golay
code module (cf. Section 11.3 in [3]) it is straightforward to check that the GF.2/-module for
M22, with orbits of length 77, 330 and 616 on the non-zero vectors, does not correspond to a
distance-transitive action and similarly for the GF.2/-module for M23, with orbits of length
253, 506 and 1288. In this section using case-by-case analysis of the corresponding orbital
graphs we show that the remaining cases in Table 2 do not correspond to distance-transitive
actions either.
2  M12:2 on 310. Below are the intersection matrices of the smallest orbitals of the per-
mutation groups V VG0 where V is 10-dimensional GF.3/-module for 2  M12:2 computed by
D.V. Pasechnik (the last column gives the valencies). Since in both matrices all the entries
apart from the first column and the first row are non-zero, it is easy to deduce that the second
smallest orbitals are not distance transitive either.0BBBBBBBB@
0 1 0 0 0 0 0 1
880 25 20 20 20 14 10 880
0 90 76 72 60 60 54 3960
0 80 64 68 40 40 56 3520
0 72 48 36 100 48 42 3168
0 252 240 180 240 238 240 15840
0 360 432 504 420 480 478 31680
1CCCCCCCCA
0BBBBBBBB@
0 1 0 0 0 0 0 1
1760 157 60 50 48 42 36 1760
0 540 500 450 480 450 480 15840
0 540 540 590 528 612 528 19008
0 108 120 110 160 90 152 3960
0 252 300 340 240 350 288 10560
0 162 240 220 304 216 276 7920
1CCCCCCCCA
HS on 220. Wilson [20] gives the orbit lengths of G0 on V :
n0 D 1; n1 D 1 100; n2 D 3 850; n3 D 4 125; n4 D 15 400;
n5 D 77 000; n6 D 231 000; n7 D 346 500; n8 D 369 600:
Since n24 < n2  n5 the action is not distance transitive by Lemma 2.6.
Co3 on 222. By [20] G0 D Co3 has exactly four orbits,i , 1  i  4 on the set of non-zero
vectors of V . The information on these orbits is given in Table 3 where Gi is the stabilizer in
G0 of a vector from i .
Let 0i denote the graph on V in which v; u 2 V are adjacent if and only if v − u 2 i ,
1  i  4. Let 0ij .v/ denote the vectors from V at a distance j from v in 0i , so that
0i1.0/ D i .
For g 2 G0 let 8.g/ denote the set of vectors in V fixed by g. For v 2 8.g/ let 8i .g; v/
denote the connected component containing v of the subgraph in 0i induced by 8.v/. Note
that 8i .g; 0/ is a subspace in V , in particular its size is a power of two.
Suppose that V V G0 acts distance transitively on 0i . The unimodality condition on the
subdegrees implies that i D 1 or 2. The following lemma rules out the former possibility.
LEMMA 5.1. 012.0/ contains 4 as well as k for k D 2 or 3.
170 J. van Bon et al.
TABLE 2.
L n q Form Comments
M11 10 2 Orthogonal Perm.
5 3 35 D 1C 22C 220
5 3 35 D 1C 110C 132
10 3 Orthogonal Perm.
10 3
10 3 Dual of the above
M12 10 2 Orthogonal Perm.
6 3 36 D 1C 24C 264C 440
10 3 Orthogonal Perm.
10 3
10 3 Dual of the above
M22 6 22 Unitary
10 2 210 D 1C 22C 231C 770
10 2 210 D 1C 77C 330C 616
M23 11 2 211 D 1C 23C 253C 1771
11 2 211 D 1C 253C 506C 1288
M24 11 2 211 D 1C 276C 1771
11 2 211 D 1C 759C 1288
J2 6 22; 5; 32; 11; 19
14 3
J3 9 22 Unitary
Ru 28 2 Orthogonal
HS 20 2
McL 22 2 Orthogonal
21 3 Orthogonal
Suz 12 3
12 22 Unitary
12 7, 13
Co3 22 2
22 3 Orthogonal
Co2 22 2 Orthogonal
23 3 Orthogonal
Co1 24 2, 3, 5 Orthogonal
PROOF. Let e and s be elements in G0 of type 11a and 7a, respectively. The permutation
character of G on 1 shows that j1 \8.e/j D 2 while j1 \8.s/j D 6. Since neither two
nor six is a power of two minus one, we conclude that 012.0/ \8.g/ is non-empty for g D e
and g D s. On the other hand, by Table 3, if k  2 then the order of Gk is divisible by 11 only
if k D 4 and by seven if k 2 f2; 3g. 2
LEMMA 5.2. Suppose that the action of V VG0 on 02 is distance transitive. Then 022.0/ D
4, 0
2
3.0/ D 3 and 024.0/ D 1.
PROOF. The last equality follows from the unimodality of the subdegrees. Suppose that
022.0/ D 3 and 023.0/ D 4. Let s be an element of type 7a. The permutation character
gives j8.s/ \2j D 3. Hence 8.s; v/ contains at least four vertices for every v 2 8.s/. By
our assumption 023.0/ D 4 and since8.s/\4 D ;, we conclude that8.s/\1 is a union
of components 82.s; v/ for v 2 8.s/ \ 1. Since (a) j8.s/ \ 1j D 6, (b) the number l of
vertices in each component is a power of two and (c) l  4, this is impossible. 2
LEMMA 5.3. There is a vector v 2 2 and a vector u 2 4 such that v C u 2 1.
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TABLE 3.
i ji j Gi jGi j
1 11 178 HS 29  32  53  7  11
2 37 950 U4.3/:22 29  36  5  7
3 1 536 975 24:A8 210  32  5  7
4 2 608 200 2 M12 27  33  5  11
Before proving Lemma 5.3 we show that it rules out the possibility for V VG0 acting distance
transitively on 02.
LEMMA 5.4. The action of V VG0 on 02 is not distance transitive.
PROOF. Let v and u be as in Lemma 5.3. Then by Lemma 5.2 v 2 021.0/, u 2 022.0/ and
hence v C u is at most a distance of three from zero in 02. Since v C u 2 1 D 04.0/, this is
a contradiction. 2
PROOF OF LEMMA 5.3. It is sufficient to find vectors v 2 2 and u 2 4 which are adjacent
in01. We are going to find such vectors inside8.t/, where t is a 2b-involution in G0. Note that
G0 has two classes of involutions, the involutions from different classes have different orders
of centralizers in V which implies that CG.t/ acts transitively on8.t/. Let D D CG0.t/. Then
D is a G0-conjugate of G4. Analysing the structure of involution centralizers in G1 D HS,
we conclude that j8.t/ \ 1j D 66 and D acts on 8.t/ \ 1 transitively as on the cosets of
2 Aut S6. In particular 81.t/ is of valency 66.
Letw be a vector in4 stabilized by D. Since D is a conjugate of G4 and since it is maximal
in G, w is uniquely determined and D is the full stabilizer of w in G0. Let 4 be the set of
vertices adjacent to w in 81.t; w/. By the above paragraph j4j D 66 and D acts transitively
on 4. Moreover, if F is the stabilizer of x 2 4 in G then CF .t/ D 2  Aut S6. Clearly
4  k for some k and we are going to show that k D 2. Suppose that k D 1. Let x 2 4
and let 1 be the set of images of w under the stabilizer of x in G0. On one hand, x must be
adjacent to every vertex in 1 and, on the other hand,
j1j D j4j  j4j=j1j;
is more than the valency of01 (which is j1j), a contradiction. If k D 3 or 4 then G3 D 24:A8 or
G4 D 2M12 must contain an involution t 0 (a conjugate of t) such that CGk .t 0/ D 2Aut S6.
It is easy to deduce from the structure of Gk that there are no such involutions. Hence k D 2
and the result follows. 2
6 Suz on 712. Calculating in GAP with the formula from Lemma 4.4 shows that G0 D 6 Suz
has exactly eight orbits on the non-zero vectors of its unique 12-dimensional GF.7/-module.‡
Looking at the character of G0 on V we observe that G0 contains two classes 2a1 and 2a2
of involutions which map onto 2a-involutions in L D Suz. We choose our notation so that
CV .t/ is four- and eight-dimensional if t is of type 2a1 and 2a2, respectively.
Let U be a maximal subgroup in L isomorphic to U5.2/. Since the Schur multiplier of U5.2/
is trivial, the full pre-image of U in G0 is the direct product of U and the centre of G0. We
consider U as a subgroup in G.
LEMMA 5.5. U stabilizes a one-dimensional subspace in V , and U contains both 2a1- and
2a2-involutions.
‡We are grateful to K. Magaard for this computation.
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PROOF. Since seven does not divide the order of U we can work with ordinary characters.
Comparing character values on elements of order 18, say we observe that the restriction of V
to U is the direct sum of the trivial one-dimensional and 11-dimensional irreducible modules.
If g and h are elements in U of type 2a and 2b, then dim CV .g/ D 4 while dim CV .h/ D 8.2
LEMMA 5.6. Let k be an element of type 2a1 in G0. Then
(i) CG0.k/ D 6  21C6− U4.2/;
(ii) O2.CG0.k// induces on CV .k/ an action of order 2;
(iii) CG0.k/ has two orbits with lengths 240 and 2160 on the set of non-zero vectors in CV .k/.
PROOF. (i) follows from [4]. If the action in (ii) is of order greater than two then the
whole O2.CG0.k//=Z.O2.GG0.k// D 26 acts faithfully on CV .k/ which is impossible since
dim CV .k/ is only four. It follows from [11] that 6:U4.2/ has two orbits on the non-zero
vectors of its unique (cf. [8]) faithful four-dimensional GF.7/-module and (iii) follows. 2
Let E be a 2a-pure subgroup of order 4 in L such that NL.E/ D 22C8 V .A5  S3/. Let
e1; e2; e3 be distinct 2a1 involutions in G0 which map onto involutions in N . Then it is easy
to see that ei 2 O2.CG0.e j //, 1  i; j  3. By Lemma 5.6(ii) this means that for i 6D j either
CV .ei / D CV .e j / or CV .ei / \ CV .e j / D 0. Since CG0.ei / is maximal in G0 the former is
impossible and hence
V D CV .e1/ CV .e2/ CV .e3/;
and we have the following lemma.
LEMMA 5.7. Let W be the set of vectors in V centralized by 2a1-involutions. Then every
v 2 V is the sum of, at most, three vectors from W .
Let ! be a non-zero vector stabilized by U D U5.2/ (compare Lemma 5.5) and  D f!g j
g 2 G0g. Note that by Lemma 5.5 every vector in  is fixed by a 2a1-involution.
LEMMA 5.8.  is the shortest orbit of G0 on the non-zero vectors of V .
PROOF. The list of maximal subgroups in L shows that it X is a subgroup in L whose index
in G0 is less than the index of U in L , then X is one of the following: G2.4/, 3  U4.3/:2,
3 U4.4/. By [8] the restriction of V to X does not have a trivial composition factor. 2
LEMMA 5.9. The action of V VG0 on V is not distance transitive.
PROOF. Suppose that 0 is a graph on V acted on flag transitively by V VG0. Since G0 has
eight orbits on the set of non-zero vectors in V , the diameter of0must be eight. By Lemma 5.8
either (a) 01.0/ D  or (b) 08.0/ D . If we have (a) then by Lemma 5.6(iii) every vector
fixed by a 2a1-involution is at, at most, a distance two from 0 in 0. This and Lemma 5.7
imply that the diameter of 0 is at most six, which is a contradiction. On the other hand a
2a1-involution fixes a vertex at, at most, a distance two from zero and by Lemma 5.6 (iii) is
at, at most, a distance four from zero. Hence (b) cannot hold either. 2
2  J2 on 312 and 116. Let J be the Hall–Janko sporadic group, H D 2  J be the non-split
two-fold central extension of J , let Z be the centre of H and ’ V H ! J be the natural
homomorphism. Let  denote a complex irreducible character of H of degree 6 and let V .q/
denote the corresponding six-dimensional GF.q/H -module for q being nine or 11. Let P.q/
be the set of one-dimensional subspaces in V .q/. We intend to compute the orbit lengths of
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TABLE 4.
K 1 2a −2a 3a 3b 4a 5a b 6a −6a 12a 15a b
 6 −2 2 −3 0 2 −2b5 * 1 −1 −1 b5 *
d9 6 2 4 3 2 2 2 2 1 2 1 1 1
d11 6 2 4 0 2 2 2 2 0 0 0 0 0
H on V .q/ and on P.q/. For this purpose we introduce a notation for the conjugacy classes
of elements in H fixing non-zero vectors in V .q/.
Let K be a conjugacy class of elements of order m in H and let C be the notation for ’.K /
[4]. If an element from K fixes a non-zero vector in V .q/ then the elements in C are also
of order m. If K is the only H -conjugacy class of elements of order m in ’−1.C/ then K
will be denoted by C . If there are two such classes, one of them will be denoted by C and
the other one by −C , so that if g 2 C and h 2 −C then .g/ is the value given in [4] and
.h/ D −.g/. In these terms there are two classes 2a and −2a of non-central involutions
in H called non-reflections and reflections, respectively. If g is a non-reflection and h is a
reflection then .g/ D −2, .h/ D 2, dim CV .q/.g/ D 2 and dim CV .q/.h/ D 4.
LEMMA 5.10. The conjugacy classes of elements of H fixing non-zero vectors in V .q/ for
q D 9 or 11 are those presented in Table 4. In this table if g 2 K then dq D dim CV .q/.g/ for
q D 9 and 11.
PROOF. In order to carry out the calculations one needs to reconstruct the square map on
the classes of H . This is achieved using the expression for the symmetric square of  :
S2..g// D 1
2
..g/2 C .g2//:
Calculating the values of S2./ on elements of small order we observe that S2./ is the
irreducible character of degree 21. This enables us to get the value of .g2/ for a given g
and to reconstruct the square map. For instance if g is in 8a or in −8a then .g/2 D 0 and
S2..g// D −1. Hence .g2/ D −2, g2 2 −4a which means that g is fixed-point free on
V .q/. With the knowledge of  and the square map it is straightforward to calculate the values
of dq for the elements of order m when .m; q/ D 1.
So it remains to calculate the values of d9 for elements of order 3, 6, 12 and 15. Since
H does not contain elements of order 24, we conclude that C VD CH .x/ D 2  3  A6 for
x 2 3a. From [4] and [8] we see that there are two irreducible constituents of C on V .9/ and
clearly W VD CV .9/.x/ is one of them. There are no elements of order 9 in H and hence if g
is an element of order m D 3k whose kth power is x , then g D xy where y is an element of
order k from C . This means that CV .9/.g/ D CW .y/ and the dimension of the latter can be
deduced from [8]. Finally, let g 2 3b and assume without loss of generality that g 2 C . Then
considering the action of C on V .9/ we can conclude that CV .9/.g/ is two-dimensional. 2
LEMMA 5.11. For q D 9 (resp. 11) the number of H-orbits on the set of non-zero vectors
in V .q/ is seven (resp. 8) and the number of H-orbits on P.q/ is four for both q D 9 and 11.
PROOF. From Lemma 5.10 and Table 4 for every g 2 H we calculate the number of non-
zero vectors in V .q/ fixed by g, which gives the number of H -orbits on the set of such vectors.
We now calculate the number of 1-spaces in V .q/ stabilized by g. Let m be the order of g and
m D n  l where n D .m; q − 1/. If a 1-space U in V .q/ is stabilized by g then gl is contained
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in the kernel of the action of hgi on U and hence U  C VD CV .q/.gl/. Let Ng be the action
induced by g on C . Since the order of Ng divides q − 1, we have
C D E.1/     E.k/;
where E.i / is the eigenspace of Ng with eigenvalue i . Then the number of 1-spaces in V .q/
stabilized by g equals the number of 1-spaces in C stabilized by Ng and equals
kX
iD1
qmi − 1
q − 1 ;
where mi is the multiplicity of i . In all cases the eigenvalues and their multiplicities can be
determined using the character  . The calculations were checked on [16]. 2
LEMMA 5.12. Let P1.q/ be the set of 1-spaces U in V .q/ such that w 2 U # is fixed by a
non-reflection. Then P1.q/ is an H-orbit; H.U / D 21C4−  .2 3/  2 has two orbits on U # if
q D 9 and H.U / D 21C4−  .2 5/ acts transitively on U # if q D 11.
PROOF. Let t be a non-reflection, C D CH .t/, Q D O2.C/ and T D CV .q/.t/. Then (cf.
[19]) C D 21C4− VSL2.5/, T is two-dimensional and if S is the kernel of the action of C on
T then S D 21C4− . Considering the embedding of C=S D SL2.5/ into SL.T / D SL2.q/ we
observe that C is transitive on 1-spaces in T and hence P1.q/ is an H -orbit. To complete the
proof it is sufficient to show that H.U / D C.U / for a 1-space U in T . The subgroup C.U /
is of index 315  .q C 1/ in H and it contains Q. Comparing this with the indices of maximal
subgroups in J we conclude that a maximal subgroup containing C.U / is either Ch for some
h 2 H or a subgroup F of index 525 in the case q D 9. Consider the action of H on the set
4 of C-cosets. This action is of degree 315 with subdegrees 1, 10, 80, 160 and 64. In these
terms F is the stabilizer of a triangle in the orbital graph of valency 10. This shows that if
the order of F \ C is divisible by 27  3, then .F \ C/Q=Q D A4. Since C.U /Q=Q D D6,
this shows that C.U / is not in F . Hence, every maximal subgroup containing C.U / is of the
form Ch . The subgroup Q is fixed-point free on 4 n fCg and, therefore, it is not contained in
H -conjugates of C other than C itself. Hence H.U / D C.U /. 2
LEMMA 5.13. Let P2.q/ be the set of 1-spaces U in V .q/ such that w 2 U # is fixed by an
element of type 5a. Then P2.q/ is an H-orbit; H.U / D D10  .2 3/  2 has two orbits on
U # if q D 9 and H.U / D D10  .2 5/ acts transitively on U # if q D 11.
PROOF. Let s be an element of type 5a in H , N D NH .hsi/ and R D CV .q/.s/. Then
N D D10  SL2.5/ and R is two-dimensional. Since elements of order 20 do not fix non-
zero vectors in V .q/, N induces on R an action containing SL2.5/. Since SL.R/ D SL2.q/
does not contain 2  SL2.5/, the kernel of the action is D10. Thus we have embedding of
SL2.5/ into SL2.q/ similar to that in the previous lemma. Again all we have to show is that
H.U / D N .U /. The list of maximal subgroups in J shows that if H.U / < F < H then either
F is contained in N or F=Z is contained in a maximal subgroup of J of the form 52 V D12
and the order of F is divisible by 3  52. Suppose that the order of H.U / is divisible by that
number, in this case if q D 9, then U is centralized by a Sylow 5-subgroup of H and, if q D 11
then U is centralized by an element of order 15. In both cases we reach a contradiction with
Table 4. 2
LEMMA 5.14. Let P3.9/ be the set of 1-spaces U in V .9/ such that w 2 U # is fixed by a
Sylow 3-subgroup in H. Then P3.9/ is an H-orbit and H.U / D 2 31C2C V 8 acts transitively
on U #.
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TABLE 5.
i jPi .9/j mi .9/ jPi .11/j mi .11/
1 3 150 2 3 780 1
2 10 080 2 12 096 1
3 2 800 1 100 800 5
4 50 400 2 60 480 1
PROOF. Let S be a Sylow 3-subgroup of H . Then S D 31C2C and the centre of S is generated
by an element s of type 3a. Hence U VD CV .9/.S/  CV .9/.s/ and by Table 4 the latter
is a three-dimensional orthogonal module for CH .s/=hsi D L2.9/ D 3.9/. From this it is
immediate that U is one-dimensional and H.U / D NH .S/ D 231C2C V 8 is transitive on U #.2
LEMMA 5.15. Let P3.11/ be the set of 1-spaces U in V .11/ such that w 2 U # is fixed by
a 3b-element. Then P3.11/ is an H-orbit, H.U /  2 S3 and H.U / has five orbits on U #.
PROOF. Let r be a 3b-element in H , M D NH .hri/ and P D CV .11/.r/. Then M D
SL2.3/  S3 and P is two-dimensional. The embedding of SL2.3/ into SL.P/ D SL2.11/
shows that M is transitive on 1-spaces in P and if U is such a 1-space then M.U / D 2 S3.
Suppose that H.U / is transitive on U #. Then H.U / possesses a homomorphism onto a cyclic
group of order 10 and the kernel K contains a 3-element. The list of maximal subgroup in J
shows that in this case K is centralized by a 5-element from H.U / which is impossible since
r is not a fifth power. 2
Put P4.q/ D P.q/ n .P1.q/ [ P2.q/ [ P3.q//. The following result is immediate from
Lemmas 5.11, 5.12, 5.13 and 5.14.
LEMMA 5.16. If U 2 P4.9/ then H.U / is of order 24 and it has two orbits on U #.
For i D 3 and 4 let Ui 2 Pi .11/, Hi D H.Ui / and hi D jHi j.
LEMMA 5.17. H4 is of order 20 and it acts transitively on U #4 ; H3 D 2 S3.
PROOF. By Lemmas 5.11, 5.12, 5.13, 5.15 H4 is transitive on U #4 and hence hi is divisible
by 10. By Lemma 5.15 h3 is divisible by 12. On the other hand, since jPi .11/j D jH j=hi we
have the equation:
1
h3
C 1
h4
D jP3.11/ [ P4.11/jjH j D
2
15
which implies the result. 2
The information on H -orbits on P.q/ is collected in Table 5 where mi .q/ is the number of
orbits of H.U / on U # for U 2 Pi .q/.
LEMMA 5.18. Let D be the group of scalar transformations of V .q/ and H  G0 
hH; Di. Then the action of V .q/ V G0 on V .q/ is not distance transitive.
PROOF. Suppose that 0 is a graph on V .q/ on which V .q/VG0 acts distance transitively.
Let  be the set of vectors w 2 V .q/# such that hwi 2 P1.q/. By Table 5 if q D 11 then  is
the shortest H -orbit and if q D 9 then  is either the second shortest H -orbit or the union of
two such orbits. By Lemma 5.12 whenever a non-zero vector is fixed by a non-reflection, it is
contained in. Hence by Lemma 2.5\ .01.0/[02.0// 6D ;. We claim that 01.0/ D . If
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q D 11 this follows from the above since is the shortest H -orbit. If q D 9 and01.0/\ D ;
then
k1 D 2 800  8; k2  3 150  8; k3  10 080  4:
If 01.0/ is a proper subset of  then
kd D 2 800  8; kd−1  3 150  8; kd−2  10 080  4:
In both cases we have a contradiction with the logarithmic convexity and the claim follows.
Let t1, t2, t3 be non-reflections such that ti 2 O2.CH .t j // for 1  i < j  3. By [19] such
non-reflections t1, t2, t3 exist and
V .q/ D CV .q/.t1/ CV .q/.t2/ CV .q/.t3/;
which means that every vector in V .q/ is a sum of at most three vectors from . Hence the
diameter of 0 is at most three which contradicts the distance transitivity, since there are at least
four H -orbits on the non-zero vectors. 2
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